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Abstract 

Let A be an irreducible Coxeter arrangement and W be its Coxeter 
group. Then W naturally acts on A. A multiplicity m : ^ — )• Z is said 
to be equivariant when m is constant on each l^/'-orbit of A. In this 
article, we prove that the multi-derivation module D{A,m) is a free 
module whenever m is equivariant by explicitly constructing a basis, 
which generalizes the main theorem of |T2002j . The main tool is a 
primitive derivation and its covariant derivative. Moreover, we show 
that the VK-invariant part D{A,'m)^ for any multiplicity m is a free 
module over the P^-invariant subring. 

1 Introduction 

Let V be an dimensional Euclidean space with an inner product I : V xV 
M. Let S denote the symmetric algebra of the dual space V* and F be its 
quotient field. Let Deis be the S'-module of M-linear derivations from S to 
itself. Let be the S'-module of regular 1-forms. Similarly define Deip and 
Oj^ over F. The dual inner product I* : V* x V* ^ naturally induces an 
F-bilinear form /* : Qp x Q]p — > F. Then one has an F-linear bijection 
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defined by (/) := r{uj,df) for f e F. 

Let A be an irreducible Coxeter arrangement witli its Coxeter group W. 
For eacli H E A, clioose an G V* witli H = ker^an)- Let Q = YIhgA ^ 
Recall tlie S'-moduIe of logarithmic forms 

Q^{A, oo) = {cj G Hp I Q^u and {Q/an)^^ A (ia/f are both regular 

for any H e A and > 0} 

and the S'-moduIe of logarithmic derivations 

D{A,-oo) = r{n\A,oo)) 

from [AT2010Z] . A map m : ^ — t- Z is called a multiplicity. For an arbitrary 
multiplicity, let 

D{A, m) = {ee D{A, -oo) I eian) G Oh^^^ S^^h) for all H G A}, 
n\A,m) = {r)-'D{A,-m), 

where S(^aH) is the localization of 5* at the prime ideal (an). These two 
modules were introduced in |Sal980j (when m is constantly equal to one), in 
|Z1989j (when im(m) C Z>o), and in |A2nn8l WT2()TQZ\ IAT2nn9] (when m is 
arbitrary). A derivation 7^ ^ G Deri? is said to be homogeneous of degree 
d, or deg^ = d, if 6{a) G -F is homogeneous of degree d whenever 6{a) ^ 
(a G V*). A multiarrangement (^, m) is called to be free with exponents 
exp(^, m) = {di, . . . ,di) if D{A, m) = (B^^iS ■ 9i with a homogeneous basis 
6i such that deg(^j) = di (z = 1, . . . , £). A multiplicity m : ^ — )■ Z is said to 
be equivariant when m{H) = m{wH) for any H E A and any w G W , i.e., 
m is constant on each orbit. In this article we prove 

Theorem 1.1 For any irreducible Coxeter arrangement A and any equiv- 
ariant multiplicity m, the multiarrangement [A, m) is free. 

For a fixed arrangement A, we say that a multiplicity m is free if [A, m) 
is free. Although we have a limited knowledge about the set of all free 
multiplicities for a fixed irreducible Coxeter arrangement A, it is known 
that there exist infinitely many non-free multiplicities unless A is either one- 
or two-dimensional [ATY2009] . Theorem 11.11 claims that any equivariant 
multiplicity is free for any irreducible Coxeter arrangement. 

When the VT-action on A is transitive, an equivariant multiplicity is con- 
stant and a basis was constructed in |SoT1998[ IT2nn2[ IAY2nn7l [^2ninZ] . 
So we may assume, in order to prove Theorem II. H that the H^-action on A is 
not transitive. In other words, we may only study the cases when A is of the 
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type either F4, or -^^2(2?^-) {n > 4). In these cases, A has exactly two 
W^-orbits: A = Ai U A2- The orbit decompositions are exphcitly given by: 
Be = A{uDe, F4 = G2 = A2UA2 or /2(2n) = J2(ra)U/2(n) {n > 4). 

Note that A{ is not irreducible. 

When A is irreducible, the primitive derivations play the central role 
to define the Hodge filtration introduced by K. Saito. (See |Sa2003j for 
example.) For R := , let D be an element of the lowest degree in Der^, 
which is called a primitive derivation corresponding to A. Then D is unique 
up to a nonzero constant multiple. A theory of primitive derivations in the 
case of non-irreducible Coxeter arrangements was introduced in jAT2009j . 
Thus we may consider a primitive derivation Di corresponding with the orbit 
Ai (1 < « < 2). We only use Di because of symmetricity. Note that Di is not 
unique up to a nonzero multiple when Ai = A\ (non- irreducible). Denote 
the refiection groups of Ai by Wi [i = 1,2). The Coxeter arrangements 
Be,F4,G2 and hi^n) (n > 4) are classified into two cases, that is, (1) the 
primitive derivation Di can be chosen to be py-invariant for Bi and F4 
(the first case) while (2) Di is 1^2-antiinvariant for G2 and /2(2n) (n > 4) 
(the second case) as we will see in Section 4. Since the second cases are 
two-dimensional. Theorem 11.11 holds true. Thus the first case is the only 
remaining case to prove Theorem 11.11 

Let 

V : Deri? x Deip — > Deip 
(9,6) ^ WeS 

be the Levi-Civita connection with respect to the inner product I on V. 
We need the following theorem for our proof of Theorem 11.11 

Theorem 1.2 (IATMTM, \AT20ngf ) Let D{A, -oc)^ be the W -invariant 
part of D {A, —00) . Then 

Vd ■■ D{A, -00)^ ^ D{A, -00)^ 

is a T-linear automorphism where T := {/ G -R | Df = 0}. When A = 
Ai U A2 is the orbit decomposition, 

Vd, ■■ D{Ai, -00)^' ^ D{Au -00)^' 

is a Ti-linear automorphism where 

R,:=S'^\ Ti:= {f e R, \ D^f = 0}. 
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Let E be the Euler derivation characterized by the equality E{a) = a 
for every a E V*. Suppose that ^ = U ^2 is the orbit decomposition and 
that the primitive derivation Di is VT-invariant. Define 

:= V^'^Vj^^^E 

for p,q E Here, thanks to Theorem II ■2[ we may interpret = (V^^)"™' 
and V^^ = (V^^)"™' when m is negative. Denote the equivariant multiplicity 
m by {mi, 7712) when m{H) = mi {H e ^1) and m{H) = m2 {H G .4.2). 
Let Xi, . . . , be a basis for V* and Pi, . . . ,Pe be a set of basic invariants 
with respect to W: R = M[Pi, ...,Pi]. Let Pf \ . . . , P/*^ be a set of basic 
invariants with respect to Wf. Ri = Rfp/*-*, . . . , p/*-*] {i = 1,2). Define 

:= degP,-, := degP,^*^ (z = 1,2, 1 < j < i). 

We assume 

di < d2 < ■ ■ ■ < de, df <df <■■■< df {i = 1,2). 

Then h := is called the Coxeter number of W. We call hi := degP^*^ the 
Coxeter number of Wi [i = 1, 2). We use the notation 

d,^ := d/dxj, dp^ := d/dP„ dp^, := O/dPf [l < ] < 1,1 < i < 2). 

The following theorem gives an explicit construction of a basis: 

Theorem 1.3 Let A he an irreducible Coxeter arrangement. Suppose that 
A = AiU A2 is the orbit decomposition and that the primitive derivation Di 
is W -invariant. Then 

(1) the S-module D{A, (2p — l,2q — 1)) is free with W -invariant basis 

Va,E^^^''\...,V9,E^P^^^ 

with deg V^p ^^^'"^ = phi + qh2 - di + 1 for i = 1, . . . ,i, 

(2) the S-module D{A, {2p — 1, 2q)) is free with basis 

1 i 
with deg Va ,,,^(^'9) = phi + g/12 - df'^ + 1 for i = 1, . . . ,£, 
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(3) the S -module D{A, (2p, 2g — 1)) is free with basis 




with deg Va E^P'"^ = phi + qh2 - df^ + 1 for i = 1, . . . , i, 
(4) the S-module D{A, {2p,2q)) is free with basis 

with deg Va^.-E^^'^^ = phi + qh2 for i = 1, . . . ,i, 

The existence of the primitive decomposition of D{A, (2p—l, 2g— 1))^ 
is proved by the following theorem: 

Theorem 1.4 Under the same assumption of Theorem \1.3\ define 
for p,q E 'Z. Then the set 

IS a T-basis for D{A, (2p - 1, 2g - l))'^. Put 

giP'i) ■= ■ 9^^''^\ 

1=1 

Then we have a T -module decomposition (called the primitive decomposition) 
D{A, (2p - 1, 2g - 1))'^ = g^+^^<i+^). 

k>0 

We will also prove 

Theorem 1.5 For any irreducible Coxeter arrangement A and any multi- 
plicity m, the R-module D[A, m)^ is free. 

Theorems 11.11 and 11.31 are used to prove the freeness of Shi-Catalan ar- 
rangements associated with any Weyl arrangements in [AT2010j . 

The organization of this article is as follows. In Section [2] we prove 
Thereom 11.31 when g > 0. In Section 3 we prove Theorem 11.41 to have the 
primitive decomposition, which is a key to complete the proof of Theorem II. 31 
at the end of Section 3. In Section 4 we verify that the primitive derivation 
Di can be chosen to be VT-invariant when ^ is a Coxeter arrangement of 
either the type 5^ or F4. We also review the cases of G2 and /2(2n) (n > 4) 
and find that the primitive derivation Di is l/l/2-antiinvariant. In Section 5, 
combining Theorem Ol with earlier results in |T2nn21 [^2ninZl IW2nTn] . we 
finally prove Theorems 11.11 and 11.51 
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2 Proof of Theorem 11.31 when q > 



In this section we prove Theorem 11.31 when g > 0. 

Recall R = = M.[Pi, . . . , P^] is the invariant ring with basic invariants 
Pi,...,Pi such that 2 = degPi < degP2 < ■ ■ ■ < degP^_i < degP^ = h, 
where h is the Coxeter number of W. Put D = dp^ G DerP which is a 
primitive derivation. Recall T = ker(D : P — P) = ]R[Pi, . . . , P^-i]. Then 
the covariant derivative Vd is T-linear. For P := [Pi, . . . , P^], the Jacobian 

dP 

matrix J(P) is defined as the matrix whose (z, j)-entry is 'q^- Define A : = 
[I*{dx,,dxj)],<i,,<i and G := [r{dP,, dPj)],<i,,<, = J(P)^AJ(P). 

Definition 2.1 ^¥200^ \W2010^ ) Let m : A ^ Z and ( e D{A, -oo)^. 
We say that ( is m-universal when ( is homogeneous and the S-linear map 



: Ders — > D{A, 2m) 



is bijective. 



Example 2.2 The Euler derivation E is 0-universal because = P 

6 and D{A,0) = Deis- 

Recall the T-automorphisms 

: D{A, -oo)^ ^ D{A, -oo)^ {k e Z) 



from Theorem ll.2[ Recall the following two results concerning the m-universality: 



Theorem 2.3 ( IW2010{ Theorem 2.8]) If ( is m-universal, then Vj^^^C 
(m + l)-universal. 

Proposition 2.4 ( \ W201 0|. Proposition 2.7]) Suppose that ( is m-universal. 
Let k: ^ — {+1, 0, —1}- Then an S -homomorphism 

$^ : D{A, k) ^ D{A, k + 2m) 

defined by 

gives an S-module isomorphism. 
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We require that assumption of Theorem 11.31 is satisfied in the rest of 
this section: Suppose that ^ = U ^2 is the orbit decomposition and 
that Di, a primitive derivation with respect to Ai in the sense of [AT2009i 
Definition 2.4], is I^-invariant. Let Wi, Ri, Pf\ Ti, Di (i = 1,2) are 
defined as in Section [H Even when Ai is not irreducible, we may consider a 
Ti-isomorphism 

V^^ : D{Ai, -00)^' ^ D{Ai, -00)^' (k e Z) 

from Theorem II. 2[ 

Proposition 2.5 Suppose q > 0. The derivation E^''^^ := V^V'^j^^E is 
{p, q) -universal. 

Proof. When Ai is irreducible, |AY2nn7j and |AT2ninZ] imply that V^^E 
is {p — q, 0)-universal. When Ai is not irreducible, V|^^-E is {p — q, 0)- 
universal because of |AT2009j . Thus E^''^'^ = V^'^V^^i? is (p, g)-universal 
by Theorem 12.31 □ 

Since E^^''^^ is {p, g)-universal. Proposition 12.41 yields the following: 

Proposition 2.6 Letq > andm: A^ {+1,0,-1}. Then an S -homomorphism 

$p,g : D{A, m) ^ D{A, {2p, 2q) + m) 

defined by 

gives an S-module isomorphism. 

Proof of Theorem 11.31 > 0). We may apply Proposition 12.61 because 

(1) 9pj, . . . , dp^ form a basis for D{A, (—1, —1)), 

(2) dp(i) , . . . , dp{i) form a basis for D{A, (—1, 0)), 

(3) 9p(2) , . . . , 5p(2) form a basis for D{A, (0, —1)), and 

(4) . . . , dx^ form a basis for D{A, (0, 0)). □ 

3 Primitive decompositions 

In this section we first prove Theorem 11.41 to define the primitive decompo- 
sition of D{A, {2p — l,2q — 1))^. Next we prove Theorem 11.31 
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Proposition 3.1 Let ( be m-universal. Then 

(1) the set {V^p, V^^C I 1 ^ J ^ ^ > 0} zs linearly independent overT. 

(2) Define g^^'^ to he the free T -module with basis {Va^y^^C I 1 < J < ^} 
for k >0. Then the Poincare series Poin(^^>Q t) satisfies: 



k>0 



\i=l 



where p = deg( and dj = degPj (1 < j < i). 

(3) 

D(A2m-l)^ = 0^«. 

fc>0 

Proof. Let k E Z>o. By Theorem 1231 C^''^ := V^'^C is (m + A;) -universal, 
where the "fc" in the (m + k) stands for the constant multiplicity k by abuse 
of notation. Thus by Proposition 12.41 we have the following two bases: 

for the S'-module D{A, 2m + 2A; — 1) and 

C^^'> c^^^ 

for the S'-module D{A^ 2m + 2k + 1). Note that the two bases are also R- 
bases for D{A, 2m + 2k — 1)^ and D{A, 2m + 2k + 1)^ respectively. Since 
the T-automorphism 

Vd : D{A, -oo)^ ^ D{A, -oof 

in Theorem 11.21 induces a T-linear bijection 

Vd : D{A, 2m + 2k + 1)^' ^ D{A, 2m + 2k- 1)^ 

as in |AT2009t Theorem 4.4], we may find an £ x ^-matrix B^'^'^ with entries 
in R such that 



'D 



(fc) 



(k) 



G 



' D 



(k) 



(fc) 



Vap.C 



(fc) 



(fc) 



The degree of {i,j)-th entry of i?'-^^ is rrii + mj — h < h — 2 < h. In particular. 



the degree of S, 



(fc) 



(fc) 



is and B-^ 



Oiii+j<£+l. Hence each entry 



of B^''^ lies in T and det B^''^ e M. Since D is a derivation of the minimum 
degree in Der^j, one gets [D,dp^] = 0. Thus V^Vg^, = Vop.Vz). Operate 
V^^ on the both sides of the equahty above, and get 



(k) 



G 



(fc+i) 



(fc+i) 



This imphes that det E^''^ G because Va^^C^^^ • • • , Vap^C^*"^ are hnearly 
independent over S". Inductively we have 



Vap/,...,Vap/ 



(1)^-1 



G{B 



(fc)N-l 



G(5 



(fe)N-l 



where d = G{B^^'^)-^G{B^^^)-^ ■ ■ ■ G{B^'-^'^)-^ {i > 0). Note that G ap- 
pears i times in the definition of Gi. For M = {rriij) G Mi{F), define 
D[M] = {Dirriij)) G M^(F). Then D^[Gi] = O when j > i and det D'[G,] 
because detL>[G] ^ and D^f^?] = q (e.g., see |Sal993l 

(1) Suppose that {V^p C^^'' I 1 < j < ^ > 0} is linearly dependent over 
T. Then there exist ^-dimensional column vectors go, gi, . . . , gg G T^{q > 0) 
with gg 7^ such that 



i=0 



Since Vap^C? • • • > ^Sp.C are linearly independent over R, one has 



= J2G^g^ 



i=0 



Applying the operator D on the both sides q times, we get D'^[Gg]gg = 0. 
Thus 



q = which is a contradiction. This proves (1). 
ompute 



(2) Compute 

Poin(06;(^),t) 



fc>0 



fc>0 \i=l 



i=l / fc>0 ■ " 



fc>o i=i 
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(3) We have 

fc>0 

by (1). So it suffices to prove 

Fom{D{A, 2m - 1)*^, t) = Poin(0 g^''\t). 

k>0 

Since D{A, 2m — 1)^ is a free i?- module with a basis 

VapjC, • • • , '^apfC, 

we obtain 

Poin(D(A2m-l)^,t) = (n Y^)(E^'"'^) = P°i^(0^^'^'^)' 

\i=l / i=l k>0 

which completes the proof. □ 

We require that the assumption of Theorem 11.31 is satisfied in the rest of 
this section. 

Proof of Theorem ll.4l Suppose g > to begin with. Then, by Proposition 
13. 4^ is {p, g)-universal. Apply Proposition 13.11 for = E^''^^ and m = 

{p, q), and we have Theorem 11.41 

D{A, {2p - 1, 2g - 1))^ = 

k>0 

when q > 0. Send the both handsides by V^, and we get 
D{A, {2p - 3, 2g - 3))^^ = 

fc>0 

because Vd {DiA, (2j9 - 1, 2g - 1))^) = D{A, {2p-3, 2q-3))^ as in |AT2nn91 

Theorem 4.4] and Voi^f'''^^) = d^i' ^'^ Apply Vd repeatedly to complete 
the proof for all g G Z. □ 

Note that we do not assume p > in the following proposition: 

Proposition 3.2 For p,q G Z, the S-module D{A, {2p — l,2q — 1)) has a 
W -invariant basis. 
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Proof. Recall that 

which are ly-invariant, form an S-basis for D{A, {2p — 1, 2g — 1)) when q > 
by Theorem 11.31 (1). It is then easy to see that they are also an i?-basis 
for D{A, {2p - 1, 2g - l))'^ for g > 0. By |A2008] |A1'2010Z] . there exists a 
ly-equivariant nondegenerate S'-bilinear pairing 

( , ) : D{A, {2p - 1, 2g - 1)) x D{A, {-2p +l,-2q + 1)) S, 

characterized by 

where u E n^{A, {-2p + 1, -2q + 1)) and 9 G D{A, {-2p + 1, -2q + 1)). Let 
9i, . . . ,9i denote the dual basis for D{A, {—2p + 1, —2q + 1)) satisfying 

[\/o,E^^''^\9,)=6., 

for 1 < i, j < i. Then 9i, . . . ,9^ are VT-invariant because the pairing ( , ) is 
VT-equivariant. □ 

Although the following lemma is standard and easy, we give a proof for 
completeness. 

Lemma 3.3 Let M be an S-suhmodule ofDeip. The following two condi- 
tions are equivalent: 

(1) M has a W -invariant basis 6 over S. 

(2) The W -invariant part is a free R-module with a basis 6 and 
there exists a natural S-linear isomorphism 

®rS- M. 

Proof. It suffices to prove that (1) implies (2) because the other implication 
is obvious. Suppose that 6 = {6'a}aga is a H^-invariant basis for M over S. 
Since it is linearly independent over S*, so is over R. Let 9 e M^. Express 

n 

e = Y.f\9, 

i=l 

with fi & S and 6'j G O (i = 1, . . . , n). Let w eW act on the both handsides. 
Then we get 

n 

= Y,w{f\)9,. 

i=l 



11 



This implies fi = w{f.j) for every w eW . Hence fiER for each i. Therefore 
G is a basis for over R. This is (2). □ 

Proposition 3.4 For any p^q G Z, E^'^''^'' is {p, q) -universal. 



Proof. By Theorem 11.41 we have the decomposition: 
D{A, {2p - 1, 2g - 1))^ = 

fc>0 

for p, g G Z. As we saw in Proposition 13. II (2), we have 
(3.1) Poin(D(^, (2p - 1, 2g - 1))^, t) = Poin(0 ^(^+^-9+^), t) 

\i=l / i=l 

where m := degE^P'''\ Recall that the S'-module D{A, {2p — 1, 2g — 1)) has 
a ly-invariant basis 6i, . . . ,6e by Proposition 13.21 By Lemma 13. 3[ we know 
that $1, . . . ,6i form a basis for the i?-module D{A, {2p — l, 2g — 1))^. Thanks 
to (13. ip we may assume that deg6'j = m — dj = degVdp,E^''^\ Therefore 
there exists M G Mi{R) such that 

[^1, . . . , e,]M = [Va,E^^^''\ . . . , Va^E^'^'^ 

with det M G M. Since 



max 



deg^.-degVa^E^P'-^) 



— di < degPi, 



we get M G (T). Since Vap^E^P''^\ . . . , V^p^^^^'"^ are linearly independent 
over T by Proposition 13.11 (1), we have det M G M^. Thus 



Vap^E^'^'K-.-^VapE^'''^ 



form an S-basis for D{A, {2p — 1, 2g — 1)). Since 

Vap^E(^-'\ . . . , VapE'^'''^] J(P)^ = [Va.,E(P''\ • • • , V^.^i^^^''^^ , 

we may apply the multi-arrangement version of Saito's criterion |Sal9801 
IZ19891 IA2008j to prove that Va, E'-P''i\ • • • , Va, E^P''^^ form an ^-basis for 
D{A, {2p,2q)) for any p,q E 1^. This shows that E^''^^ is (p, g)-universal for 
any p,q E Z,. □ 

Proof of Theorem 11.31 (q E Z). Theorem 12.31 and Proposition 13.41 complete 
the proof by the same argument as that in Section 2 for q > 0. □ 
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4 The cases of Bi, F4, G2 and /2(2n) 

• The case of Bi 

The roots of the type Bi are: 

±Xi, ±Xi ± Xj {I < i < j < i) 

in terms of an orthonormal basis Xi, . . . ,X£ for V*. Ahogether there are 
of them. Define 

e 

Qi-=Ylxi, Q2-= Yl i^i^^j)^ Q = QiQ2. 

i=l l<i<3<i 

Then the arrangement Ai defined by Qi is of the type Ai x ■ ■ ■ x Ai = A\. 
The arrangement A2 defined by Q2 is of the type D^. The arrangement A 
defined by Q is of the type B^ and ^ = ^1 U ^2 is the orbit decomposition. 
Note that A\ is not irreducible. Define 




which is a primitive derivation in the sense of jAT2009j . Obviously Di is 
H^-invariant. Let Pj = Yli=i ^1'' U — Then Pi, . . . , form a set of basic 
invariants under W while Qi, Pi, • • • , Pe-i form a set of basic invariants under 
W2- Define a primitive derivation D2 with respect to A2 so that 

D2iQi) = D2{P,) = (j = 1, 2), Am-i) = 1. 

Thus 

{wD2){P,^i) = D2iw-'Pe^i) = D2{P,^i) = 1 {we W). 
This implies that D2 is IV-invariant. 

• The case of P4 

The roots of the type P4 are: 

±Xi, (±xi ± X2 ± ± Xi)/2, ±Xj ± (1 < i < J < 4) 

in terms of an orthonormal basis xi,X2,X3,X4 for V* . Altogether there are 
48 of them. Define 

4 

Qi := JJ (xj ±Xj), Q2 := JJa;^ ±X2 ±X3 ±X4), Q = (5iQ2- 

l<i<j<4 i=l 
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The arrangement Ai defined by Qi is of tlie type D4 {i = 1,2). Then the 
arrangement A defined by Q is of the type F4 and ^ = ^1 U ^2 is the orbit 
decomposition. Define 

Compute 

j=i 

Thus Pi^'', P2^\ Ps^\ Pi^'' are a set of basic invariants under Wi. The reflec- 
tion T with respect to Xi + ^2 + 2:3 + 2:4 = is given by 

r(x.)= ' ^^•=^ ^ (2 = 1,2,3,4). 

A calculation shows that P4^'' is r-invariant. Let Si denote the reflection with 
respect to Xj = (1 < z < 4). Since the Coxeter group W2 is generated by 
r and Sj (1 < i < 4), we know that P^^^ is iy2-invariant thus VT-invariant. 
Define a primitive derivation Di with respect to Ai so that 

D^{PP)=0{j = 1,2,3), D,{pP) = 1. 

Thus 

{wD,){Pi'^) = D,{w-^P^^^) = Di(Pi'^) = 1 {we W). 

This implies that Di is H^-invariant. We conclude that D2 is also VT- invariant 
because an orthonormal coordinate change 

_ yi-y2 _ yi + y2 _ y3-y4 _ 1/3 + ?/4 

" V2 ' " 72 ' " V2 V2 
switches Ai and A2. 

• The cases of G2 and hi^n) [n > 4) 

The arrangement ^ of the type G2 has exactly two orbits Ai and ^2, 
each of which is of the type A2. Let n > 4. Then the arrangement A of the 
type hi^n) has exactly two orbits Ai and ^2, each of which is of the type 
hiji). In both cases, by |W2010] . one may choose 

D, = Q2D, D2 = QiD. 

Since Q2 is iy2-antiinvariant and D is ly-invariant, Di is iy2-antiinvariant. 
Similarly D2 is Wi-antiinvariant. 
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5 Proofs of Theorems 



1.1 



and 



1.5 



Assume that A is an irreducible Coxeter arrangement in the rest of the article. 

Proof of Theorem ll.il If A has the single orbit, then the result in |T2002t 
IAY2nn7[ IAT2ninZj completes the proof. If not, then A has exactly two 
orbits. If A is of the type either G2 or /2(2n) with n > 4, then D{A, m) is 
a free S'-module because A lies in a two-dimensional vector space. For the 
remaining cases of the type Bi and -F4, Section 4 allows us to apply Theorem 
11.31 to complete the proof. □ 

A multiplicity m : ^ — t- Z is said to be odd if its image lies in 1 + 2Z. 

Proposition 5.1 If m is equivariant and odd, then D{A^m) has a W- 
invariant basis over S . 

Proof. When A has the single orbit, m is constant. In this case Proposition 
was proved in |T2nn2[ IAY2nn7l IAT2ninZ] . If A is of the type either G2 or 
/2(2n) (n > 4), then Proposition was verified in |W2010j . For the remaining 
cases of Bi and -F4, Proposition 13.21 completes the proof. □ 

Recall the VT-action on A: 

WxA — yA 

by sending {w, H) to wH {w G W , H E A). For any multiplicity m : ^ — t- Z, 
define a new multiplicity m* by 

m*{H) := max (2 ■ [ra{wH)l2\ + 1) , 

where [aj stands for the greatest integer not exceeding a. Then m* is obvi- 
ously equivariant and odd. 

Proposition 5.2 For any irreducible Coxeter arrangement A and any mul- 
tiplicity m, 

D{A, m)^ = D{A, m*)^. 
Proof. Since m{H) < m*{H) for any H E A, we have 

D{A,m)^ DD{A,ni*)^. 

We will show the other inclusion. Let H E A and 6 G D{A, m)^. It suffices 
to verify the following two statements: 

(A) O^an) G C(^^^^^ S(^aH) ^'^y ^ ^ ^) 
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(B) O^an) G Oi^H^Si^an) implies O^an) G a'^'^^S^an) G ^• 

For w E W let act on the both sides of 

/)/ \ _ m(wH) r< 

to get 

6{aH) e a™^"'^^S'(a^). 

This verifies (A). 

Fix H E A. Let s be the orthogonal refiection through H. Then s(a/f) = 
— . Suppose that O^an) = a'^p with p G S^an)- Let s act on the both 
handsides and we have O^—an) = {—OiuY^sij)). This implies —p = s{p). 
Since s{p) = p on H, one has p = on if, which implies p G anS^aH)- This 
verifies (B). □ 

Proof of Theorem II. 5L Thanks to Proposition 15.21 we may assume that 
m is equivariant and odd. Apply Proposition 15.11 and Lemma 13.31 □ 

Corollary 5.3 



Proof. Apply Proposition 15.11 and Lemma [3.31 to get 

D{A, m*)^ S - D{A, m*). 

Then Proposition 15.21 completes the proof. □ 

The following corollary shows that the converse of Proposition 15 . 1 1 is true. 

Corollary 5.4 The S-module D{A,va) has a W -invariant basis if and only 
if m is odd and equivariant. 

Proof. Assume that 1^(^,111) has a ly-invariant basis over S. Then, by 
Lemma 13.31 we get 

D{A, m)^ ®rS ^ D{A, m). 

Compare this with Corollary 15.31 and we know that there exsits a common 
S-basis for both D{A, m) and D{A, m*). By the multi-arrangement version 
of Saito's criterion |Sal98n[ IZ 19891 ICTTIS] . we have m = m*. □ 
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